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TL;DR

e Bayesian filtering & smoothing algorithms (e.g. Kalman filtering, Viterbi for HMMs) for
a sequence of length n can be O(log n) time!
e Parallel-scan for prefix sum is used.
e Note that the total complexity is O(n).



Model

A. Bayesian filtering and smoothing
Bayesian filtering and smoothing methods [6] are algorithms for
statistical inference in probabilistic state-space models of the form
T ~ p(Tg | TR—1),

1
Y ~ P(Yr | o). )




Bayesian Filtering & Smoothing

e Filtering:
o  Given observations up to now (y_1, ..., y_k), calculate the posterior of current state x_k
o i.e.calculate p(x_k| y_1, ..., y_k)
e Smoothing:
o  Given observations of whole sequence (y_1, ..., y_n), calculate the posterior of any state x_k
o ie. calculate p(x_k|y_1, .., y_n)
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Examples of (Probabilistic) State Space Models

10000

e Hidden Markov models (HMMs)

§ 8000
o  Discrete state x_k Z 6000
o Arbitrary emission model p(y_k| x_k) j‘%: 4000
o  Applications include: speech recognition, handwriting recognition “ 20
e Linear Gaussian state space models
o xp ~N(zp|Azp_1,T) .
13.3. Linear Dynamical Systems 641 O Yk ~ N (yk|C$k, Z) i

o  Applied to Kalman filtering & smoothing for object tracking
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The Classic Bayesian Filtering & Smoothing:
the Forward-Backward Algorithm
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From Wikipedia, the free encyclopedia

This article includes a list of references, related reading, or external links, but its sources remain unclear
? because it lacks inline citations. Please help to improve this article by introducing more precise citations.

(April 2018) (Learn how and when to remove this template message)

The forward-backward algorithm is an inference algorithm for hidden Markov models which computes the posterior marginals of all hidden state
variables given a sequence of observations/emissions o1.7 := 01, ..., 0r, i.e. it computes, for all hidden state variables X; € {X1 guse ,XT}, the
distribution P(Xt | olzT). This inference task is usually called smoothing. The algorithm makes use of the principle of dynamic programming to
efficiently compute the values that are required to obtain the posterior marginal distributions in two passes. The first pass goes forward in time while the
second goes backward in time; hence the name forward—backward algorithm.



The Classic Bayesian Filtering & Smoothing:
the Forward-Backward Algorithm

The Bayesian filter is a sequential algorithm, which iterates the
following prediction and update steps:

ol | Trge) = / p(@x | T5—1) P(@p—1 | Y1) d2p_1, @)

Pk | k) P(zk | Y1:—1)
p(@k | y1:) = : (3)
J ok | o) p(@k | y1:6—1) da
Given the filtering outputs for £k = 1,...,n, the Bayesian forward-

backward smoother consists of the following backward iteration for
B=a— 15051

(xk: ’ Y1: n
xk |y1 )/ xk-i-l |xk)p(xk+1 ‘yl n)dxk . (4)
xkz-{—l | yl:k’) N
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the Forward-Backward Algorithm

The Bayesian filter is a sequential algorithm, which iterates the
following prediction and update steps:

ol | Tree) = / p(wx | ox_1) p (G | ) dz_1, @)

(yk |=’131<:)P($k|y1k: 1)
[ p(yk | zg) p(zk | y1.6—-1) dozg

DOEIOPEDO:

3)

p(zg | Y1) =
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The Bayesian filter is a sequential algorithm, which iterates the
following prediction and update steps:

ol | Tree) = / p(@x | T5—1) P(@p—1 | Y1) dzp_1, @)
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The Classic Bayesian Filtering & Smoothing:
the Forward-Backward Algorithm

Given the filtering outputs for £k = 1,...,n, the Bayesian forward-
backward smoother consists of the following backward iteration for
o =m— 1.5 aq 1

(k+1 | zk) P(TKt1 | Y1 4)
—pévkz|y1k:)/ - (1| n)dx+
P(Trt1 | Y1:x)

DOEIPPEDE:



The Classic Bayesian Filtering & Smoothing:
the Forward-Backward Algorithm

Given the filtering outputs for £k = 1,...,n, the Bayesian forward-
backward smoother consists of the following backward iteration for
o =m— 1.5 aq 1

(xk: | Yi: n

(xp+1 | k) p(@rr1 | Y1 4)
—pl‘kz|y1k:)/ + (k1 | n)dl‘ fidk 1
P(Trt1 | Y1:x)

DOEIS

o, X




Application of Smoothing: the EM algorithm

The General EM Algorithm

Given a joint distribution p(X, Z|0) over observed variables X and latent vari-
ables Z, governed by parameters 6, the goal is to maximize the likelihood func-
tion p(X|@) with respect to 6.

1. Choose an initial setting for the parameters 0°'.

9.3. An Alternative View of EM 441

analytlcal posterior |:I> 5. st Eivars pl 05
required here

3. M step Evaluate "% given by
6" = arg max Q(6, 0”1‘1) (9.32)
0

where
Q(0,6°") =Y " p(ZIX,6°) Inp(X, Z|6). (9.33)
Z

4. Check for convergence of either the log likelihood or the parameter values.
If the convergence criterion is not satisfied, then let

eold — @Y (934)

and return to step 2.




Application of Smoothing: the EM algorithm

e Maximum likelihood estimator 8 of the following state space model can be obtained
by the EM algorithm:

LT ~ p9($k|$k_1)

Y ~ Do(Yk|Tk)

Algorithm 1 The EM algorithm as the coordinate descent of ELBOI6, q|

Let ELBO[@, Q] = 10gp9(y1:n) - KL[Q(X1n|y1n)||p9(X1n|y1n)] = logpﬁ(ylzn)-
while (60, q) has not converged do
q — Po (X1:n|yl:n) = arg man ELBOW: Q]
0 < arg maxgco ELBOI6, ¢
end while




Prefix Sum

Definition 1: Given a sequence of elements (ai,as9,...,an),
where a; belongs to a certain set, along with an associative binary
operator ® on this set, the all-prefix-sums operation computes the
sequence

(CLl,CLl@CLQ,...,CLl®"'®a/n). (5)



An Example of Cumulative Sum

e Consider cumulative sum of [6, 4, 16, 10, 16, 14, 2, 8], which is
[6,6+4,6+4+16,..,6+4+16+10+16+ 14+ 2+ 8]
e For sequence of length n, this can take O(log n) time with parallel scan!



Parallel Scan: An Example of Cumulative Sum

range 0,8
Example sum 76
/ fromleft \
range 04 range 4,8
sum 36 sum 40
fromleft fromleft
range 0,2 range 24 range 4,6 range 6,8
sum 10 sum 26 sum 30 sum 10
fromleft fromleft fromleft fromleft
r 0,1 (|r 1,2 |[r 2,3 |[r 34 |[r 45 ||r 56 ||[r 6,7 ||r 7,8
S 6 S 4 S 16 S 10 S 16 S 14 |[|S 2 S 8
f f f f f f f f
input | 6 | 4 | 16 | 10 | 16 | 14 | 2 [ 8 |
output [ ] T T T T ]

Sophomoric Parallelism and Concurrency, Lecture 3 5



Parallel Scan: An Example of Cumulative Sum

range 0,8
Example sum 76
/ fromleft 0 \

range 04 range 4,8

sum 36 sum 40

fromleft 0 fromleft 36
range 0,2 range 24 range 4,6 range 6,8
sum 10 sum 26 sum 30 sum 10
fromleft O fromleft 10 fromleft 36 fromleft 66

r 34 (|r 45 ||r 56 ||r 67 ||r 7,8

r 0,1 ||r 1,2 |[r 2,3
S 6 S 4 ||S 16 ||S 10 ||S 16 ||S 14 ||s
f 10 ||f 26 ||[f 36 ||[f 52 ||[f 66 |[|f 68

f 0 (|[f 6
input | 6 | 4 | 16 | 10 | 16 | 14 | 2 8 |
output | 6 | 10 | 26 | 36 | 52 | 66 | 68 | 76 |

6

Sophomoric Parallelism and Concurrency, Lecture 3



Parallel Scan: An Example of Cumulative Sum

d=0 X0 E(Xc. X 1) X2 Z(X(;. .X3) X4 Z(X4. .Xs) X6 Z(XG. .X7)

a=1 X0 Z(Xc. .Xl) X2 Z(Xc..Xj;) X4 Z(X4..X5) X6 Z(X4..X7)

a=2 X0 Z(Xc. X 1) X2 Z(Xz. : X3) X4 Z(X4. .X5) X6 E(Xe : .X7)

=3 Xo X1 X2 X3 X4 X5 X6 X7

Figure 2: An illustration of the up-sweep, or reduce, phase of a
work-efficient sum scan algorithm.



Parallel Scan: An Example of Cumulative Sum

X |Z(Xo-x))| Xy [Z(X0.X3)| Xgq |[Z(Xa.X5)| Xg |Z(Xo..X7)
Ze!ro
v
=0 X |Z(Xo.-X1)| Xy |Z(X0.X3)| Xg |Z(xa.Xs5)| Xg 0
v K/

L X [|Zxex)| X 0 X4 [Z(aX5)| Xg o |Z(X0.X3)
4 \ 4 v v

=2 X0 0 Xy |Z(Xo-X1)| Xgq |Z(Xo-X3)| Xg |Z(X0--Xs)

/ /| /| _ /
d=3 0 Xo | Z(Xo-X1) | Z(Xo.X2) | Z(Xo.X3) | Z(Xo.-Xa) | Z(Xo.-X5) | Z(Xo.-X6)

Figure 3: An illustration of the down-sweep phase of the work-
efficient parallel sum scan algorithm. Notice that the first step zeros
the last element of the array.



Bayesian Filtering as Prefix Sum

A. Bayesian filtering

In order to perform parallel Bayesian filtering, we need to find the
suitable element a; and the binary associative operator ®. As we
will see in this section, an element a consists of a pair (f,g) € F

where F is
={(f,g):/f(y|2)dy=1}, (6)

and f : R"® x R™® — [0, 00) represents a conditional density, and
g : R"® — [0, 0c0) represents a likelihood.

Definition 2: Given two elements (f;, g;) € F and ( fj,gj) e F,
the binary associative operator ® for Bayesian filtering is

(fis90) ® (F3093) = (Fos 95 5

where

fg] f]x|y)fz(y|z)
Jaiw) fitylz)dy

gij (2) = i (2) / o W) fi (v | =) dy.

fij (x| 2) =

Theorem 3: Given the element a, = (fx,gx) € F where

fu(mp | ze—1) =p(@r | YbsTr—1)

gk (Zp—1) =0 (Yk | TR—1),

p(z1|y1,m0) = p(x1|y1), and p(y1 | w0) =

prefix sum is

al®a2®---®ak:<

P (Tr | y1:k)

P (Y1:x)

b (y1

).

), the k-th



Bayesian Smoothing as Prefix Sum

B. Bayesian smoothing

The Bayesian smoothing pass requires that the filtering densities
have been obtained beforehand. In smoothing, we consider a different
type of element a and binary operator ® than those used in filtering.
As we will see in this section, an element a is a function a : R™* x

R" — [0, 00) that belongs to the set
Theorem 6: Given the element ar = p(xg | y1.5,Tk+1) € S,

S = {a ! /CL(JJ | z) dz = 1} : with an = p (zn | y1.n), we have that

o . ) ak®ak+1®"'®an:p(mk|y1:n)'
Definition 5: Given two elements a; € S and a; € S, the binary
associative operator ® for Bayesian smoothing is
a; @ a; = aij,

where

az-j(x|z>=/ai<xly>aj<y|z>dy.



Benchmarks
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Fig. 3. The flops and the span and work flops for the sequential Kalman
filter (KF) and the parallel Kalman filter (PKF).



Benchmarks
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Bayesian Filtering as Prefix Sum

A. Bayesian filtering

In order to perform parallel Bayesian filtering, we need to find the
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Bayesian Filtering as Prefix Sum

Let us define
P (p($e|yk+1:e,$k)> a
P(Yk-+1:6|Tk)
so that PRI oo o
Bt 1o = <P($m|ye+1:m,$e)>
P(Yerrim|e) X —(x-3) )

Qo Lorm, = p(fbm‘yk-}-l;m,xk)
i a8 P(Yk+1:m|Tk)

for k <l < m. Then, we can show that

Ak+1:4 = k41 Q- - R ay




Bayesian Filtering as Prefix Sum

k+1, ..., L

Let us define ) R \

Akt 1:0 := (p(xdyk—l—l:eaxk))

o P(Yrkt1:0|Tr)

so that L. o a

a — <P(xm|ye+1:m,xe)>

l+1:m —

P(Yet1:m|Te) “ \)ik)l

Qo Lorm, = p($m|yk+1:m,xk)
i a8 P(Yk+1:m|Tk)

for k <l <m. Then, we can show that

Ak+1:4 = k41 Q- - R ay




Bayesian Filtering as Prefix Sum

k+1, ...,
Let us define p A \
k410 '= (p($e|yk+1;e,$k)> @
P(Yk+1:2|7k)
so that PRI oo o

Aot = P(Tm|Yet1:m, Te)
+1m P(Ye+1:m|Te) @ @

Qo Lorm, = p(xm|yk+1:m7xk)
i a8 P(Yk+1:m|Tk)

for k <l <m. Then, we can show that

Ak+1:4 = k41 Q- - R ay



Bayesian Filtering as Prefix Sum

+1, ..., m
Let us define r . \
Apy1:0 = (p($£|yk+1:£,xk)>
o P(Yrkt1:0|Tr) a H
o *ee oo o oo o oo o

Aot . <P(£Bm|yz+1:m, 33@))
m =
p(y£+1:m’w€) Xk Xk+1
N

Qo Lorm, = p($m|yk+1:m,xk)
i a8 P(Yk+1:m|Tk)

for k <l <m. Then, we can show that

Ak+1:4 = k41 Q- - R ay



Bayesian Filtering as Prefix Sum

+1, ..., m
Let us define r . \
Apy1:0 = (p(33£|yk+1:£,xk)>
o P(Yrkt1:0|Tr) @ a
SOthat ot °° [ 2N J [ N BN ]

° °
Aot = P(Tm|Yet1:m, Te)
+1:m P(Yes1:m|Te) @ @

Qley1: — p(a:m'yk-‘rl:m,xk)

for k <l <m. Then, we can show that

Ak41:6 = Q41 Q@ -+ - Q ag



Bayesian Filtering as Prefix Sum

k+1, ... m
Let us define ) -
Qg1 1= (p($e|yk+1:£,xk)> a @
P(Yrkt1:0|Tr)
so that L. o N

Aot = P(Tm|Yet1:m, Te)
e P(Ye+1:m|Te)

Qley1: — p(mmlyk-‘rl:m,mk)

k+1
X)) (¢ ()

for k <l <m. Then, we can show that

Ak41:6 = Q41 Q@ -+ - Q ag




Bayesian Filtering as Prefix Sum

k+1, ey M
Let us define N

g (p(fﬁelykﬂ eaﬂ?k)
P(Yk+1:0|Tk)
so that oo e
S ( P(@myesa: maﬂie
P(Yer1:mlTe) @ @

i — ($m|yk+1 mvxk
Fm DYt 1om | 1)

for k <l <m. Then, we can show that

Ak+1:4 = k41 Q- - R ay



Bayesian Filtering as Prefix Sum

We defined
Qparig = (p($e|yk+1:£,$k)> a
R P(Yk+1:0]2k)

By definition, we can see PP eo e
p(Telye, xe—1)
Qp.p = Qp =
ae— ( p(yelze—1) ) X ' e

forl> 1.

<>,s




Bayesian Filtering as Prefix Sum

We defined
Apy1:0 = (p($£|yk+1:£,xk)>
e P(Yrkt1:0|Tr) a

By definition, we can see PP eo e
p(Telye, xe—1)
Qp.p = Qp =
ae— ( p(yelze—1) ) X ' e

forl> 1.

<>,s

Forl=1, we set

= (") = ()




Bayesian Filtering as Prefix Sum

We defined
Ak41:4 = (p($e|yk+u xk a
P(Yk+1:0|Tk)
Now, it remains to check 4&
ki1:0 @ Qpi1:m = Qkal:m ) e
so that

ag:k = a1 Q-+ @ ag _( xk‘?ﬂk)
ylk




Bayesian Filtering as Prefix Sum

Indeed,

P(Tm|Yk+1:m, Th) a @

= p(Tm|Ykt1:0, Yot 1:m, Tk) ﬁ

B (T, Yo+ 1:m|Yk+1:0, Tk) eoo eoo eoo eoo
© pYerim Ykt Tr) I I

_ S P@m, Yerrom, Telyrtre, 2x)da X X e @ X )

S PWet1:m, Telyrt1:e, z)day
I p@Enlyeriim, o, Yrr 10, T)PYer1:m|Tes Yrr1:0, T )P(Te|Yrr1:0, Tp ) A
B I p(Yet1:m|Tes Yot1:0, T )D(@e |Yht1:0, Tk )dTe
. fp($m|ye+1:m, l"e)p(yeﬂzm|90e)p(ﬂ?e|yk+1:e, UUk)diEe
B I p(Wer1:mlTe)p(@e|Yps1:0, T )dae




Bayesian Filtering as Prefix Sum

k+1, ..., m
Indeed,

r A N\
(B | vRmER) a @
= D(Tm|Yk+1:0, Yet1:ms Tk) ?
_ (T, Yer1:m|Yrt1:0, Th) ceoo ceoe XX cee
B P(Yet1:m |Yk+1:05 Tk)
_ S P(®m, Yet1:m TelYkt1:0, Ti)deze X \)ik)l I I

S PWet1:m, Telyrt1:e, z)day
I p@Enlyeriim, o, Yrr 10, T)PYer1:m|Tes Yrr1:0, T )P(Te|Yrr1:0, Tp ) A
B I p(Yet1:m|Tes Yot1:0, T )D(@e |Yht1:0, Tk )dTe
. fp($m|ye+1:m, l"e)p(yeﬂzm|90e)p($e|yk+1:e, CCk)d.Tg
B I p(Wer1:mlTe)p(@e|Yps1:0, T )dae




Bayesian Filtering as Prefix Sum

+1, ..., m
Indeed,

r A N\
P(Tm|Yrt1:m, Th) a @
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_ (T, Yer1:m|Yrt1:0, Th) ceoo ceoe XX cee
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S PWet1:m, Telyrt1:e, z)day
I p@Enlyeriim, o, Yrr 10, T)PYer1:m|Tes Yrr1:0, T )P(Te|Yrr1:0, Tp ) A
B I p(Yet1:m|Tes Yot1:0, T )D(@e |Yht1:0, Tk )dTe
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B I p(Wer1:mlTe)p(@e|Yps1:0, T )dae




Bayesian Filtering as Prefix Sum

+1, ..., m
Indeed, . A
P(Tm|Yk+1:m, Th) @ a
= D(Tm |Yk+1:0, Yo+ 1:m> Tk)
p(xmay£+1:m|yk+1:2,$k) L) ° o0

[ ] [ ] { ] [ ]
P(Yet1:m|Yr+1:0, Th)

0@, Yo 1im, TelYkt1:0, Ti)dig @ @ @ @

pWestimy TelYrrrie, Tr)day

I p@Enlyeriim, o, Yrr 10, T)PYer1:m|Tes Yrr1:0, T )P(Te|Yrr1:0, Tp ) A

B I p(Yet1:m|Tes Yot1:0, T )D(@e |Yht1:0, Tk )dTe

_ | p(@m|Yet1:m» o) P(Yes1:m|2e)p(Te|Ykt1:¢, Th ) dae
[ p(Wet1:m| o) p(@e|Yk+1:0, T )y




Bayesian Filtering as Prefix Sum

k+1, ..., L
Indeed,

'4 A \
P(Tm|Yk+1:m, Th) a @
= p(Tm|Ykt1:0, Yot 1:m, Tk) i?
B (T, Yo+ 1:m|Yk+1:0, Tk) eoo eoo eoo eoo
© pYerim Ykt Tr) I I
_ S P@m, Yerrom, Telyrtre, 2x)da % X @ X )

S PWet1:m, Telyrt1:e, z)day
I p@Enlyeriim, o, Yrr 10, T)PYer1:m|Tes Yrr1:0, T )P(Te|Yrr1:0, Tp ) A
B I p(Yet1:m|Tes Yot1:0, T )D(@e |Yht1:0, Tk )dTe
S p@mlyer1im, 20)P(Yer1:m|Te) p(@e|Yrtr:0, 2x)dwe
- S P(Yer1:mlze)p(@e|Yrt1.0, Tx)dze




Bayesian Filtering as Prefix Sum

Indeed,

P(Tm |Ykt1:m) Tk a @

= p(Tm|Ykt1:0; Yot 1:m, Tk) ﬁ

B (T, Yo+ 1:m|Yk+1:0, Tk) eoo eoo eoo eoo
© pYerim Ykt Tr) I I

_ S P@m, Yerrom, Telyrtre, 2x)da X X e @ X )

S PWet1:m, Telyrt1:e, z)day
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Thus, for

S CAUEREED) a
e P(Yrkt1:0|Tr)

and
[ BN N ] [ BN N )
p xm|y€—|—1 ms 37@
Ap+1:m = y£+1 m’wz X Xt
N\

Qo Lorm, = p fEm‘yk—‘rlm xk
i SO P(Yk+1:m|Tk)

we proved that

Ak+1:¢ & A¢+1:m = Ak+1:m
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B. Bayesian smoothing

The Bayesian smoothing pass requires that the filtering densities
have been obtained beforehand. In smoothing, we consider a different
type of element a and binary operator ® than those used in filtering.
As we will see in this section, an element a is a function a : R™* x

R" — [0, 00) that belongs to the set
Theorem 6: Given the element ar = p(xg | y1.5,Tk+1) € S,

S = {a ! /CL(JJ | z) dz = 1} : with an = p (zn | y1.n), we have that

o . ) ak®ak+1®"'®an:p(mk|y1:n)'
Definition 5: Given two elements a; € S and a; € S, the binary
associative operator ® for Bayesian smoothing is
a; @ a; = aij,

where

az-j(x|z>=/ai<xly>aj<y|z>dy.
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Let us define .ee .ee
Af41:4 = p($k+1 |y1:e, 9C£+1)

so that
A+1:m — p(fve+1\y1;m, xm—i-l)
ak+1:6 = P(Th+1|Y1:m) Tm+1)
for k <l < m. Then, we can show that

Ak+1:0 = k41 @ - - Q ay
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As we defined oo o co o eeo o
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Qp.p = Qp = p(flie\y1:£, LTo+1
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We handle the boundary condition by setting

Upn = P(Tn|Y1m, Tnt1) = P(Tn|y1.n) = an
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Finally, we prove the recursion by
P(Tr41|Y1:m, Trms1) @ @

= /p($k+1,$e+1|y1 :my Tm+1 d$e+1

:/p($k+1|$e+1,yl:m,$m+1)p(f€e+1|y1:m,$m+1)d$e+1

:/p($k+1|$£+1,yl:ﬂ)p($£+1|y1:m,$m+1)d$e+1
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